Hence, nonuniform filter banks enjoy better frequency decomposition compared to uniform filter banks. Finite impulse response (FIR) filter banks are the filter banks with all the analysis filters and the synthesis filters being FIR. As the stability of FIR filters is guaranteed, the stability of the FIR filter banks is also guaranteed. Linear phase filter banks are the filter banks with all the analysis filters and the synthesis filters being linear phase. Since all the analysis filters and the synthesis filters are linear phase, the phase distortion of the filter banks can be avoided. Cosine modulated filter banks are the filter banks that all the analysis filters and the synthesis filters are the cosine modulations of a single prototype filter. As only a single prototype filter is required to be designed, the 978-1-86135-369-6/101$25.00 ©2010 IEEE computational effort for designing the cosine modulated filter banks is usually very low. As a result, cosine modulated nonuniform linear phase FIR filter banks fmd many applications in various engineering disciplines [1] [5].
To design cosine modulated nonuniform FIR filter banks, a single FIR prototype filter is first designed. Then a cosine modulated uniform FIR filter bank is constructed with all the analysis filters and the synthesis filters are the cosine modulations of the FIR prototype filter. Finally, several subband channels of the cosine modulated uniform FIR filter bank are merged together to obtain a cosine modulated nonuniform FIR filter bank [6] [7] [8] [9] . Similar techniques have been proposed by using more than one single FIR prototype filters [10] .
However, even though the FIR prototype filter is linear phase as well as all the analysis filters and the synthesis filters of the cosine modulated uniform FIR filter bank are linear phase [13] , it is not guaranteed that all the analysis filters and the synthesis filters of the cosine modulated nonuniform FIR filter bank are linear phase if the cosine modulated nonuniform FIR filter bank is obtained by merging several subband channels of the cosine modulated uniform FIR filter bank together. This is because the filter merged by a symmetric filter and an anti-symmetric filter is not linear phase. Moreover, the amplitude distortion of the cosine modulated nonuniform filter bank as well as both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the analysis filters and the synthesis filters of the cosine modulated nonuniform filter bank are very large particularly at the transition bands of the analysis filters and the synthesis filters of the cosine modulated uniform filter bank. Hence, the specification on the maximum amplitude distortion of the cosine modulated nonuniform filter bank as well as the specifications on both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the analysis filters and the synthesis filters of the cosine modulated nonuniform filter bank are usually not satisfied. Furthermore, as the lengths of all the analysis filters and the synthesis filters of the cosine modulated uniform filter bank are the same, the lengths of all the analysis filters and the synthesis filters of the cosine modulated nonuniform filter bank are the same too. However, a filter with a wider bandwidth should be designed with a shorter length and vice versa. Hence, these design methods are not effective.
In this paper, a new direct optimal cosine modulated nonuniform linear phase FIR filter bank design is proposed based on both stretching and shifting the frequency response of a single linear phase FIR prototype filter. As stretching the frequency response of the prototype filter is equivalent to sampling the impulse response of the prototype filter if the prototype filter is band limited, the lengths of the analysis filters and the synthesis filters of the filter bank are no longer the same and the lengths are inversely proportional to the bandwidths of the filters. Hence, the proposed stretching technique could effectively design the analysis filters and the synthesis filters of the filter bank. Also, as all the analysis filters and the synthesis filters of the filter bank are derived from both stretching and shifting the frequency response of the prototype filter, both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of all analysis filters and the synthesis filters of the filter bank are only dependent on the prototype filter and the corresponding decimation factors. Hence, by imposing the corresponding constraints on the prototype filter, the specifications on both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of all the analysis filters and the synthesis filters of the filter bank are guaranteed to be satisfied.
Since aliasing of the cosine modulated nonuniform linear phase FIR filter banks could not be canceled if the set of the decimation factors forms an incompatible set [11] , the maximum aliasing distortion of the filter banks could be very large. Hence, this paper minimizes the total aliasing error of the filter banks instead of controls the maximum aliasing distortion of the filter banks. In general, the maximum amplitude distortion of filter banks should be kept at a low value. Hence, a constraint is imposed on the maximum amplitude distortion of the filter banks. Also, as filter banks decompose input signals into component signals in different frequency bands, all the analysis filters and the synthesis filters of the filter banks should have good frequency selectivities. As discussed before, both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the analysis filters and the synthesis filters of the filter banks are dependent only on the prototype filter and the corresponding decimation factors, so constraints are imposed on both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the prototype filter. These constraints are defmed in the frequency domain. However, as the frequency domain is a continuous set and a continuous set consists of an infmite number of elements, the optimization problem consists of an infmite number of constraints. Actually, this cosine modulated nonuniform linear phase FIR filter bank design problem is a functional inequality constrained optimization problem. In general, it is difficult to guarantee that these infmite numbers of constraints would be satisfied. Our recently developed integration approach [12] could be employed for solving the problem.
The rest part of this paper is organized as follows. In Section II, the cosine modulated nonuniform linear phase FIR filter bank design problem is formulated as a functional inequality constrained optimization problem and our recently developed integration approach [12] is employed for solving the problem. In Section III, a design example of the filter banks is illustrated. Finally, a conclusion is drawn in Section IV. Denote the impulse response and the frequency response of the linear phase FIR prototype filter as h ' [ n]
and H'(OJ), respectively. It is assumed that the prototype filter is a lowpass filter with the cutoff frequency 1T , rc where r c is the least common multiple of the set of the scaled sampling factors defined as rc= LCM(no, 2nl,···, 2n N_ 2,n N_ J . Since n;EZ + for i = 0, 1,···, N -I , rc E z+ . As the prototype filter is a lowpass linear phase FIR filter, it is assumed that the prototype filter is symmetric. Let the filter length of the linear phase FIR prototype filter be 2 L + 1 , where L is an integer multiple of r c . Denote the transposition operator as the superscript T, the filter coefficients of the prototype To minimize the total aliasing error of the cosine modulated nonunifonn linear phase FIR filter bank, r -I [ tIK A OJ) � OJ is minimized. This is equivalent to J =I This functional inequality constrained optimization problem could be solved via our recently proposed integration approach [12] .
III. ILLUSTRATIVE EXAMPLE
As discussed in Section III that the maximum aliasing distortion of the cosine modulated nonuniform filter bank is very large if the set of the decimation factors forms an incompatible set [11] , the cosine modulated nonuniform filter bank with an incompatible set of the decimation integers { 2,3 ,6} is designed to illustrate the effectiveness of the proposed method. In general, there is a tradeoff among the length, the transition band bandwidth, the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the prototype filter as well as the maximum amplitude distortion of the cosine modulated nonuniform linear phase FIR filter bank. Hence, we choose
are the most common values employed in the practical applications [1] [2] [3] [4] [5] . In order to achieve cosine modulated nonuniform linear phase FIR filter banks, rjJ, = 0 for i=O,I,···, N-l are selected [13] . The desirable overall gain of the cosine modulated nonuniform linear phase FIR filter bank is selected as c = 1 for a simplicity reason.
Since the minimum delay of the cosine modulated nonuniform linear phase FIR filter bank is equal to 2L, the desirable delay of the cosine modulated nonuniform linear phase FIR filter bank is selected as m o = 2L . Based on the formulation discussed in Section II and the integration approach discussed in [12] , the cosine modulated nonuniform linear phase FIR filter bank could be designed. A cosine modulated nonuniform FIR filter bank obtained by merging the subband channels [9] of the corresponding cosine modulated uniform linear phase FIR filter bank together [13] is designed for the comparison purpose. In order to have a fair comparison, the design based on the methods discussed in [13] and [9] is also formulated as a functional inequality constrained optimization problem with the same set of cost function and constraint functions as those discussed in Section II. Figures 2, Figure 3 , Figure 4 , Figure 5 and Figure 6 show the responses of the prototype filters, the responses of the analysis filters, the responses of the synthesis filters, the amplitude distortions of the filter banks, and the aliasing distortions of the filter banks, respectively. It can be seen from those figures that the specifications on both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the prototype filter as well as the specification on the maximum amplitude distortion of the filter bank designed using our proposed method are satisfied. In fact, the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the prototype filter designed based on our proposed method could achieve 0.0869 and 0.2068, respectively, and the maximum amplitude distortion of the filter bank designed based on our proposed method could achieve 0.0505. On the other hand, the specifications on the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the prototype filter as well as the specification on the maximum amplitude distortion of the filter bank designed based on the methods discussed in [13] and [9] are not satisfied. In fact, the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the prototype filter designed based on the methods discussed in [13] and [9] could only achieve 0.1063 and 0.2619, respectively, and the maximum amplitude distortion of the filter bank designed based on the methods discussed in [13] and [9] could only achieve 0.1446. Moreover, both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the analysis filters and the synthesis filters as well as the maximum aliasing distortion of the filter bank designed based on our proposed method are much lower than that designed based on the methods discussed in [13] and [9] . Furthermore, it is worth noting that the analysis filters and the synthesis filters of the filter bank designed based on the methods discussed in [13] and [9] are not linear phase, while our design guarantees that all the analysis filters and the synthesis filters are linear phase.
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IV. CONCLUSION
This paper proposes a new direct optimal cosine modulated nonuniform linear phase FIR filter bank design based on both stretching and shifting the frequency response of a single linear phase FIR prototype filter. The total aliasing error is minimized subject to a specification on the maximum amplitude distortion of the filter bank as well as both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the prototype filter. The design problem is actually a functional inequality constrained optimization problem and our recently proposed integration approach is employed for solving the problem. As the length of all the analysis filters and the synthesis filters are inversely proportional to the bandwidth of the filters, the proposed design method is more effective. Also, as the proposed design method is a direct design method, merging the subband channels of the cosine modulated uniform filter bank together is not required. Hence, our design could achieve a better performance on the maximum amplitude distortion of the filter bank as well as better performances on both the maximum passband ripple magnitude and the maximum stopband ripple magnitude of the prototype filter.
